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Solution of Tutorial Classwork 2
Note that

U e ‘IX|A X ‘Ile — U = UaeI(Va X Wa) for some V, € ‘IX|A7WOL S ‘Iy|B
— U= UQGI((VQ NA) x (Wa N B)) for some V., €Tx, W, €Ty
— U = UQGI((VQ X WQ) N (A x B)) for some V, €Ty, W, €Ty

<= U € Txxy|axn

Hence Tx|a X Ty | = Txxv|axs-

Remark: Note that in the tutorial classwork delivered in the class, the definition of product

topology is given by
SXXYZ{UXV‘UG‘Z)(,VES)/}, (*)

This definition is INCORRECT. In fact it is not a topology. To show a counter example, take
(X,%Tx) = (Y,%y) = (R, Tsa). Under the definition of (*), clearly we have

A= (0, 1) X (0, 1) € Txxy and B = (2,3) X (0,2) € Txxy-

If (*) is a topology, we will have AU B € Tx«y. However, one can show that AUB #£ U x V for
any U,V € Tyq. So AU B € Tx«y, contradiction.

Pick any € A in (X, Tx). Then for any open set U € Tyx with € U, we have U N A # (). Since
ACY and Y is closed in X, we have A C Y. In particular, this implies (UNY)NA=UNA # (.
Therefore, for any W € Ty with 2 € W, we have W N A # (). Hence, x € A in Ty. Since A is
closed in Y, we have x € A = A. Altogether, we have A C A and hence A = A.

(a) Pick any y € Y. Let V € Ty with y € V. Pick any = € f~!(y). By continuity of f, we
have * € f~1(y) C f~(V) € Tx. Since z € X = D, we have f~}(V) N D # (. Hence
f(f~Y (V)N D) =V N f(D) # 0. Therefore, we have y € f(D). Since y is arbitrary, f(D) is a

dense subset in Y.

(b) No. For example, take (X,Tx) = (R, B(X)), (Y,Zy) = (R, Tsta) and f = idr. Since Tx is
the discrete topology, f is automatically continuous. For the dense subset Q C Y, we have
f~4Q) = Qin X. However, since v/2 € {2} € Tx and {v/2} NQ = 0, Q is not dense in X.

Remark: Similarly, you can find infinity many counter examples by considering R™ and Q".



